Abstract. Let (X, L) be a quasi-polarized variety of dimension n. In this paper, we will study non-negativity of the ith -genus i (X, L). We will prove the following. Assume that X is a normal Gorenstein variety such that the irrational locus of X consists of at most finite points and the dimension of the singular locus of X is less than or equal to the dimension of the base locus of |L|. If i is greater than the dimension of the base locus of |L|, then i (X, L) is non-negative. We will also give a lower bound for i (X, L) when (X, L) is a polarized abelian variety.
Introduction
Let X be a projective variety of dimension n defined over the complex number field and let L be a line bundle on X. If L is nef and big (respectively ample), then (X, L) is called a quasi-polarized (respectively polarized) variety. Furthermore, if X is smooth and L is nef and big (respectively ample), we say that (X, L) is a quasi-polarized (respectively polarized) manifold. For this (X, L), there are some invariants, for example, the sectional genus g(L) and the -genus (L) (see [7] ). Fujita studied polarized varieties by using these invariants, and he gave many interesting results (see [7] in detail). On the other hand, in order to study polarized varieties more deeply, the author extended these invariants.
In [8] , we defined the ith sectional geometric genus g i (X, L) of (X, L) for every integer i with 0 ≤ i ≤ n, which is a generalization of the degree L n and the sectional genus g(L) of (X, L). (We note that g 0 (X, L) = L n , g 1 (X, L) = g(L) and g n (X, L) = h n (O X ).) Some properties of the ith sectional geometric genus which have been obtained in [8] also show that the ith sectional geometric genus is a natural generalization of the sectional genus.
On the other hand, in [12] , we defined the ith -genus i (X, L) for every integer i with 0 ≤ i ≤ n. This gives a generalization of the -genus. Namely, if i = 1, then 1 (X, L) is the -genus (L) of (X, L). Furthermore, in [12] we studied some properties of i (X, L). For example, if X is smooth and Bs |L| = ∅, then some properties of i (X, L) are similar to those of the -genus (L) of (X, L) (see [12, Section 3] or Section 3 in this paper). So
Preliminaries
Definition 2.1. Let (X, L) be a quasi-polarized variety of dimension n. Then L has a k-ladder if there exists a sequence of irreducible and reduced subvarieties X ⊃ X 1 ⊃ · · · ⊃ X k such that X i ∈ |L i−1 | for 1 ≤ i ≤ k, where X 0 := X, L 0 := L and L i := L| X i . Here we note that dim X j = n − j . Then let r p,q : H p (X q , L q ) → H p (X q+1 , L q+1 ) be the natural map.
Remark 2.1. Let X be a projective variety of dimension n ≥ 3 and let L be a nef and big line bundle on X. Assume that X is normal and Cohen-Macaulay, dim Sing(X) ≤ m and dim Bs |L| ≤ m, where m is an integer with m ≤ n − 3. Then there exists a member X 1 ∈ |L| such that X 1 satisfies the following properties: (2.1.1) X 1 is irreducible by Bertini's theorem (see [16, Theorem 17.16 [7, (2.8) Fact in Chapter 0]. Therefore, by carrying out this process, we see that L has an (n − m − 2)-ladder X ⊃ X 1 ⊃ · · · ⊃ X n−m−2 such that X j is normal and Cohen-Macaulay for every integer j with 1 ≤ j ≤ n − m − 2. Moreover, if X is Gorenstein, then so is each X j . Definition 2.2. Let X be a normal projective variety of dimension n, and let π : X → X be a resolution of singularities of X. Then we set
and we call this set the irrational locus of X. Here we note that Irr(X) does not depend on the desingularization of X. 
is defined by the following:
is equal to the degree (respectively the sectional genus) of (X, L).
Then the ith sectional geometric genus satisfies the following properties. 
In particular, from Theorem 3.1(1) and Remark 3.1(2) we see that if (X, L) satisfies the assumption in Theorem 3.1, then the ith sectional geometric genus is the geometric genus of the i-dimensional projective variety X n−i . This is the reason why we call this invariant the ith sectional geometric genus. From Theorem 3.1 we see that the ith sectional geometric genus is expected to have properties similar to those of the geometric genus of i-dimensional projective varieties. For other results concerning the ith sectional geometric genus see, for example, [8] [9] [10] [11] . The following result will be used later. 
(2) Assume that X is smooth. Then for any integer i with 0 ≤ i ≤ n − 1, we have
Proof.
(1) By the same argument as in the proof of [8, Theorem 2.2], we obtain
Hence by Definition 3.1, we get the assertion.
(2) By using the Serre duality and the Kawamata-Viehweg vanishing theorem, we get the assertion from (1).
2
As the next step, we want to generalize the notion of the -genus. Several generalizations can be considered from various points of view. Here we will give a generalization of thegenus from the following point of view. For the case of (X, L), the following result has been obtained. 
Here we want to give the definition of the ith -genus which satisfies a generalization of Theorem 3.3. Now we are going to give the definition of the ith -genus.
For every integer i with 1 ≤ i ≤ n, by the definition of the ith -genus, we have the following equality which will be used later:
Then, for the case of the ith -genus, we can prove the following. 
.
The definition of the ith -genus is so complicated that many things about the ithgenus are unknown. Therefore, it is important to investigate the following problems in order to understand the meaning and properties of the ith -genus. in the case where L is base point free or very ample. We also note that we are studying Problem 3.1(i-2) now and we will explain this in a future paper.
As we said in Remark 3.3, under the assumption that L is base point free, we have some answers for Problem 3.1 above. We believe that the ith -geuns has good properties similar to those of the -genus and is useful if L satisfies some special conditions. Therefore, the main purpose of our investigation for the time being is to consider the following two things. In this paper, we consider Problem 3.1(i-1) under the assumption that |L| has base points. As we said above, if i = 1, then 1 (X, L), which equals the -genus, is non-negative for every nef and big line bundle L on X. This was proved by Fujita. Moreover, Fujita also gave a classification of (X, L) with small (X, L) (see [7] ). These results are very useful and are used in various problems. So, in order to make the ith -genus useful, it is important to study the non-negativity of the ith -genus for 2 ≤ i ≤ n. As we said in Remark 3.3, if Bs |L| = ∅, then i (X, L) ≥ 0 for every integer i with 1 ≤ i ≤ n. However, in general for each integer i with 2 ≤ i ≤ n there exists an example of (X, L) with i (X, L) < 0 (see [12, Section 4] ). So it is interesting and important to know when i (X, L) is non-negative for i ≥ 2. This is the theme of this paper.
Non-negativity of the ith -genus
In this section, we consider non-negativity of i (X, L). First, we consider the case where X is normal and Gorenstein, dim Irr(X) ≤ 0 and dim Sing(X) ≤ dim Bs |L| ≤ dim X − 1. Lemma 1.12] or [19, 15.6.2 Lemma] . Therefore, we get n (X, L) ≥ 0 in this case.
Next we assume that m ≤ n − 2. By Remark 2.1, L has an (n − m − 2)-ladder X ⊃ X 1 ⊃ · · · ⊃ X n−m−2 such that X j is normal and Gorenstein for every integer j with 0 ≤ j ≤ n − m − 2, where
By the exact sequence Then by using the exact sequence
Next we calculate m+1 (X n−m−2 , L n−m−2 ). Here we note that by Theorem 3.2(1) we have
g m+1 (X n−m−2 , L n−m−2 ) = (−1) m+2 χ(−L n−m−2 ) − h m+2 (O X n−m−2 ) + h m+1 (O X n−m−2 ).
By [9, Claim 2.1.1] we have (−1) m+2 χ(−L n−m−2 ) = h m+2 (−L n−m−2 ). Hence
g m+1 (X n−m−2 , L n−m−2 ) = h m+2 (−L n−m−2 ) − h m+2 (O X n−m−2 ) + h m+1 (O X n−m−2 ).
Since dim Bs
Since, by Remark 3.2(3),
Here we set L n−m−1 := L| X n−m−1 . Then by using the exact sequence
Therefore,
. 
and
Here we note that ω X n−m−1 is a Cartier divisor by [ 
Hence by Corollary 4.2 we get i (X, L) ≥ 0 for every i with i ≥ 2. Therefore, we get the assertion.
The following examples show that Corollary 4.1 is the best possible. 
Here we note that 
Since dim Bs |L| = 2, we infer that this (X, L) is an example with i = dim Bs |L| and i (X, L) < 0.
Next we consider the case where (X, L) is a quasi-polarized manifold with dim X = 3 and K X ≡ 0.
Proof. Here we note that L − K X is nef and big by assumption. Therefore, by the KawamataViehweg vanishing theorem, we have h j (L) = 0 for every j ≥ 1.
(2) By Theorem 3.2(2) and Remark 3.2 (2) and (3), we get
Since K X is nef, we see that c 2 (X)L ≥ 0 by a theorem of Miyaoka's [21, Theorem 6.6] . Hence, by the Kawamata-Viehweg vanishing theorem, the Serre duality and the HirzebruchRiemann-Roch theorem (see [18] 
Proof. In this case h i (L) = 0 for every integer i with i > 0, and h j (O X ) = n j for every integer j with j ≥ 0.
By the definition of the ith -genus, we see that, for every integer i with i ≥ 2,
Hence we obtain i (X, L)
By [9, Claim 3.A.4.1], we have
Therefore, by [9, Remark 3.A.3.1 (1)], we have
Here S(n, n − i + 1 + k) denotes the Stirling number of the second kind with the type (n, n
First, we calculate
(In the last step, we have used [9, Claim 3.A.4.1].) Next we calculate
(In the last step, we have used [9, Claim 3.
Finally, we calculate
By [23, (24d) on p. 34], we have
where
So we have 
Hence we get the assertion of Theorem 4.2. 
Therefore, the inequality in Theorem 4.2 is the best possible. 
